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Abstract
The linear-quadratic regulator (LQR) problem of optimal control of an uncertain
discrete-time linear system (DTLS) is revisited in this paper from the perspective
of Tikhonov regularization. We show that an optimally chosen regularization
parameter reduces, compared to the classical LQR, the values of a scalar error
function, as well as the cost function. The scalar regularization parameter can
be calculated using a standard parameter choice method. Simulations confirm
performance improvement when this regularized control signal is applied to a
DTLS subject to a varying sampling rate.
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1 INTRODUCTION

Optimal control problems seek to calculate a control signal
that causes a dynamic system to have a desired behavior
while minimizing some performance criterion [16], and
can be formulated in terms of dynamic programming [4].
For linear time-invariant (LTI) systems with no uncer-
tainties, in which the cost to be minimized is a quadratic
function of the state and the control, the well-known
linear-quadratic regulator (LQR) is a closed-loop state feed-
back controller.

Discrete-time linear systems (DTLSs) are usually sub-
ject to various types of uncertainties, such as unmodeled

dynamics, uncertain parameters, noisy measurements,
and variable sampling rates, among many others. In many
practical applications, LQR control is robust to small dif-
ferences between the model used in the design process and
the actual dynamical system. However, if there are time
variations or significant deviations from the dynamical
model, these factors must be taken into account in the con-
trol design; otherwise, the performance of the closed-loop
control system could be severely compromised.

Regularization methods were originally developed to
improve the condition of ill-posed inverse problems [11].
In control theory, regularization has been used to filter out
noisy data in adaptive control [2], system identification
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[9] and data-driven control [10, 26]. LQRs can also be
designed using data obtained from external measure-
ments. In this approach, regularization plays a critical
role in ensuring certainty equivalence and robust stability,
especially when dealing with noisy data [26].

Regularization methods have been used to a limited
extent in the design of controllers for uncertain systems
[19]. In [21] the authors propose the use of the Tikhonov
regularization method in a DTLS subject to varying sam-
pling rates. Applying the regularized control signal to the
uncertain plant minimizes a scalar error function, achiev-
ing a closer approximation to the target state.

The present article extends the approach presented in
[21] to the regularization of LQRs for uncertain DTLSs, in
order to improve its performance relative to the classical
LQR approach. We show that there exists a theoretical
optimum regularization parameter that minimizes a scalar
error function and that the use of a standard, possibly
suboptimal, parameter choice method also reduces this
error. The proposed use of regularization is very simple
to implement and computationally cheap. The applica-
tion to uncertain discrete-time linear control systems
outperforms the standard LQR controller.

The paper is organized as follows. In Section 2 we
present some preliminaries on the use of regularization
in control systems. In Section 3 we develop the proposed
regularized LQR method. In Section 4, we illustrate the
benefits of the regularized controller through some com-
putational experiments. In Section 5, we discuss some
aspects of the application of the Tikhonov method in the
present work. We also present a regularized control sys-
tem using a 𝓁1 norm as a penalty term to enhance sparsity
of the optimal control signal. General conclusions are
presented in Section 6.

2 PRELIMINARIES AND
RELATED WORKS

2.1 Tikhonov regularization

Ill-posed problems are those where small changes in the
observed data can lead to results that significantly devi-
ate from the expected solution. Such deviations may arise
from various sources, including inaccurate measurements,
rounding errors, unexpected delays, or unmodeled dynam-
ics. To address these issues, regularization techniques are
essential. Regularization modifies the original ill-posed
problem into a nearby, more stable problem that is less sen-
sitive to disturbances. This adjustment helps to produce
a solution that is closer to what would be obtained in a
noise-free scenario, compared to the exact but potentially

unreliable solution of the original ill-posed problem
[11, 24].

Of the many regularization methods, one of the most
widely used is the Tikhonov method [24], also referred to
as ridge regression in the statistical literature. This method
consists of the addition of a scalar penalty term to an
objective function of an optimization problem in order to
improve its condition. The penalty term is an 𝓁2 norm
of an expression depending on the decision variables.
For example, the simplest form of the Tikhonov method
applied to a discrete optimization problem specified as a
linear algebraic system of equations Ax = b, where A ∈
Rm×n, b ∈ Rm is the noisy data and x ∈ Rn is the vector of
unknowns, is as follows:

min ||Ax − b||22 + 𝜆||x||22 (1)

where 𝜆 ∈ R+ is the regularization parameter. Good
choices of this scalar parameter aim to strike a balance
between the error resulting from regularization and the
error introduced by noise in the right-hand side vector b.

Techniques to choose the regularization parameter 𝜆

include the Morozov discrepancy principle [18], the gen-
eralized cross-validation (GCV) function [13], and the L
curve [15] are among the most commonly used methods.

The discrepancy principle depends on accurately esti-
mating the norm of the noise vector 𝛿 = ||Ax∗ − b||, where
x∗ is the exact solution of the noise-free problem. The regu-
larization parameter is selected to ensure that the norm of
the residual vector is approximately equal to 𝛿, as described
below: ||Axfilt − b|| = 𝜏𝛿 (2)

where 𝜏 ≥ 1 is a user-specified scalar independent of 𝛿 and
xfilt is the regularized solution of (1).

The GCV method involves selecting the regularization
parameter that minimizes the following scalar functional:

GCV ∶=
||Axfilt − b||2
(m −

∑n
i=1𝜙i)2

(3)

where 𝜙i, i ∈ {1, … ,n} are filtering factors which
depend on the regularization method chosen (see details
in [13]).

The L curve is a logarithmic plot of the norm of the
regularized solution ||xfilt|| versus the norm of the regu-
larized residue ||Axfilt − b||. Typically, this curve exhibits
an approximate “L” shape. The method involves selecting
the regularization parameter at the corner of the L-shaped
curve.

In [20], the authors propose an adaptive method for
determining the Tikhonov regularization parameter. This
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method involves minimizing a specially chosen Lyapunov
function using a gradient descent algorithm. In [3], a
survey of different methods to calculate this parameter is
presented. Other parameter choice methods can be found
in [12, 22] among many other references.

2.2 Regularization of linear control
systems

In applications of dynamical control systems affected by
the presence of some kind of disturbances, it is usual to
design robust feedback controllers capable of reducing
such disturbances. The application of the Tikhonov regu-
larization method to ill-posed linear systems was discussed
in [19] and other works by the same authors. We give a
brief outline of the approach used in these papers.

Let the dynamical continuous-time linear system
(CTLS) be given by:

ẋ = A(t)x(t) + B(t)u(t)
x(t0) = x0 (4)

where t ∈ [t0, t1] ⊂ [0,∞), A and B are operators belonging
to a Hilbert space (to generalize to an infinite-dimensional
setting), x ∈ Rn is the state vector and u ∈ Rm is the con-
trol signal.

The solution of (4) is given by

x(t) = Ψ(t − t0)x0 + ∫
t

t0

Ψ(t − s)B(s)u(s)𝜕s (5)

where Ψ(t) is a C0 semigroup (the state transition matrix
in the finite-dimensional case).

The control system (4) is said to be exactly controllable
over [t0, t1] if for every x𝜏 , 𝜏 ∈ (t0, t1), there exists u(t) such
that (5) satisfies the condition x(𝜏) = x𝜏 .

The control system (4) is said to be approximately con-
trollable over [t0, t1] if for every 𝜖 > 0, x𝜏 , 𝜏 ∈ (t0, t1), there
exists u(t) such that the solution (5) satisfies the condition
[19] ||x(𝜏) − x𝜏 || < 𝜖

For a given t0, 𝜏 > t0, let us define a control linear operator
 as

u ∶= ∫
𝜏

t0

Ψ(𝜏 − s)B(s)u(s)𝜕s (6)

The system (4) is also said to be controllable if and only
if there exists a bounded u(t) such that

u = v (7)

where v ∶= x𝜏 − Ψ(𝜏 − t0)x0 [7, s. 4].

As stated in [19], approximately controllable linear
systems exhibit ill-posed characteristics in the sense of
Tikhonov. Regularization of (7) using the standard form of
the Tikhonov method can be written as

(∗ + 𝜆I)u = ∗v (8)

where ∗ is the adjoint operator of  (see definition in [7]).
In [19], the authors regularize an approximately con-

trollable infinite-dimensional linear system given by a
controlled heat equation. In [21], the authors present
a methodology to calculate robust feedback controllers
applied to a DTLS arising from the discretization of (4):

xk+1 = Akxk + Bkuk (9)

It is assumed in [21] that uncertainty arises from varying
sampling rates, and the method proposed to deal with this
is based on the use of a control signal regularized by the
Tikhonov method:

uk,𝜆 = (B⊤

k Bk + 𝜆I)−1B⊤

k (xk+1,t − Akxk) (10)

where xk+1,t is the target state or noise-free state at the next
iteration (see details in [21]). The choice of the regular-
ization parameter aims to minimize a convex scalar error
function, thus reducing the effects produced by the varying
sampling rates.

Next, we mention some works related to the regular-
ization of optimal controllers. The papers [1, 8] propose
the regularization of optimization problems, including the
design of optimal controllers for dynamical systems, mod-
eled by partial differential equations, with constraints on
the state and on the control.

The papers [10, 26], on data-driven control of linear
systems, rely on the minimization of a cost functional
using linear matrix inequality (LMI) methods. Regulariza-
tion of the minimization problem plays an important role
in promoting robust stability when the data is corrupted by
noise [26].

This paper continues the work presented by [21],
proposing the use of the Tikhonov regularization method
in LQR design for DTLSs subject to model uncertainties.
In contrast to the papers cited above, we propose direct
regularization of the classical LQR design of discrete con-
trollers, without conversion to an LMI problem.

2.3 Linear-quadratic regulators

Given the discrete-time linear system (9), when a sequence
of control signals {uk}, k = 0, … ,N − 1 is applied, a
sequence of state vectors {xk}, k = 0, … ,N is generated.
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The design of an optimal control policy applied to (9)
seeks to find a sequence of control signals that minimize a
quadratic cost function defined as

J({xk}, {uk}) = 1
2
x⊤

N HxN +
N−1∑
k=0

1
2

[
x⊤

k Qxk + u⊤

k Ruk
]

(11)

where Q = Q⊤ ≥ 0, H = H⊤ ≥ 0 and R = R⊤ > 0 are
weighting matrices chosen in the design process and N
is the control horizon. The optimal control problem can
be formulated as the following quadratic programming
problem:

min J({xk}, {uk})
s.t. xk+1 = Akxk + Bkuk k = 0, … ,N − 1

(12)

if there are no constraints on the control signals or on the
states. The time-invariant case, where A and B are constant
matrices, will be considered in this section, but it can be
easily extended to the time-varying case.

As xk = Akx0 +
∑k−1

𝑗=0Ak−1−𝑗Bu𝑗 , k = 1, … ,N,
the equality constraint in (12) can be eliminated
to yield an unconstrained minimization problem.
Defining u ∶= [u⊤

0 u⊤
1 … u⊤

N−1]
⊤ ∈ RNm and

u∗(x0) = arg minJ(x0,u), the application of the con-
trol sequence u∗ to the system (9) yields an open-loop
control system.

In order to design a closed-loop or feedback opti-
mal control u∗

k = f(xk, k), Bellman’s dynamic program-
ming method can be applied [16]. The optimal feedback
control is given by

u∗
k = −(R + B⊤Pk+1B)−1B⊤Pk+1Axk,

k = 0, · · · ,N − 1 (13)

where the symmetric positive definite matrix Pk is given by

Pk = Q + A⊤
[
Pk+1 − Pk+1B(R + B⊤Pk+1B)−1B⊤Pk+1

]
A
(14)

calculated backward from PN = H. The minimum value of
the cost function (12) is given by

J∗(x0, {u∗
k}) =

1
2

x⊤
0 P0x0 (15)

In the case of an infinite control horizon, P is a constant
matrix which is the unique positive definite solution of the
discrete algebraic Riccati equation (DARE)

P = Q + A⊤
[
P − PB(R + B⊤PB)−1B⊤P

]
A (16)

3 OPTIMAL CONTROL
REGULARIZED USING THE
TIKHONOV METHOD

In this section, we consider the matrices Ak and Bk in
(9) with entries subject to unknown nonconstant bounded
uncertainties. However, their nominal values, denoted as
Ā and B respectively, are considered to be known and
constant.

For example, consider the uncertainties that arise from
the discretization of a time-invariant CTLS with a vary-
ing sampling rate by a ZOH circuit (as in [21]). The
sampling interval is denoted as hk = h + Δhk, where h is
the nominal value and Δhk is a sampling jitter, assumed
to be time-varying. In this case Ak = eAhk = eAheAΔhk =
ĀeAΔhk and Bk = ∫ hk

0 eA𝜏𝜕𝜏B = ∫ h
0 eA𝜏𝜕𝜏B + ∫ hk

h
eA𝜏𝜕𝜏B =

B + ∫ Δhk
0 eA(𝜏+h)𝜕𝜏B, where A and B are the constant matri-

ces of the CTLS.
The LQR applied to the DTLS (9) is calculated using

the nominal values of the matrices Ak and Bk, hence

u∗
k = −(R + B

⊤
Pk+1B)−1B

⊤
Pk+1Āxk (17)

where Pk+1 is calculated as in (14) in the finite horizon
case, and Pk+1 = P is the constant solution of the DARE
(16) in the infinite horizon case. When the control signal
(17) is applied to the actual DTLS, it produces at the next
iteration the state vector

xk+1 = Akxk + Bku∗
k

= [Ak − Bk(R + B
⊤

Pk+1B)−1BPk+1Ā]xk (18)

The target state is defined as the one that would be
obtained by application of (17) to the nominal system (i.e.,
without disturbances):

xk+1,t ∶= [Ā − B(R + B
⊤

PkB)−1B
⊤

PkĀ]xk (19)

The presence of disturbances in the matrices A and B pro-
duces a deviation from the target state. Thus, we propose
the application of a regularized control signal to reduce
this error. Tikhonov regularization can be implemented
by adding an 𝓁2 norm penalty term to the cost function,
that is:

J𝜆 =
1
2

x⊤
N HxN +

N−1∑
k=0

1
2
[
x⊤

k Qxk + u⊤

k Ruk + 𝜆||uk||22] (20)

where 𝜆 ∈ R is the scalar regularization parameter (ridge
parameter) to be chosen suitably in what follows.
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Applying Bellman’s dynamic programming principle,
minimization of (20) yields

uk,𝜆 = −(𝜆I + R + B
⊤

Pk+1B)−1B
⊤

Pk+1Āxk (21)

The application of (21) to the perturbed system (9)
produces the regularized state vector:

xk+1,𝜆 = [Ak − Bk(𝜆I + R + B
⊤

Pk+1B)−1B
⊤

Pk+1Ā]xk. (22)

The goal is to make the regularized state (22) closer to the
target state (19) than the unregularized state (18) at each
iteration for a conveniently chosen regularization param-
eter. This can be formalized as choosing 𝜆 to meet the
requirement:

||xk+1,t − xk+1,𝜆|| < ||xk+1,t − xk+1||
Defining the error function at the iteration k as

ek(𝜆) ∶= ||xk+1,t − xk+1,𝜆|| (23)

the square of this error is calculated as:

ek(𝜆)2 = ||[Ā − B(R + B
⊤

Pk+1B)−1B
⊤

Pk+1Ā]xk

− [Ak − Bk(𝜆I + R + B
⊤

Pk+1B)−1B
⊤

Pk+1Ā]xk||2
= ||(Ā − Ak − B(R + B

⊤
Pk+1B)−1B

⊤
Pk+1Ā)xk

− Bk(𝜆I + R + B
⊤

Pk+1B)−1B
⊤

Pk+1Āxk||2
= ||(Ā − Ak − B(R + B

⊤
Pk+1B)−1B

⊤
Pk+1Ā)xk||2

+ 2x⊤

k (Ā − Ak − B(R + B
⊤

Pk+1B)−1B
⊤

Pk+1Ā)⊤

× Bk(𝜆I + R + B
⊤

Pk+1B)−1B
⊤

Pk+1Āxk

+ ||Bk(𝜆I + R + B
⊤

Pk+1B)−1B
⊤

Pk+1Āxk||2
This is a quadratic convex function with a minimum given
by the value of 𝜆, which zeroes the derivative:

𝜕e2
k

𝜕𝜆
= −2x⊤

k Ā⊤Pk+1B(𝜆I + R + B
⊤

Pk+1B)−2

×
[

B⊤

k (Ā − Ak − B(R + B
⊤

Pk+1B)−1B
⊤

Pk+1Ā)

+B⊤

k Bk(𝜆I + R + B
⊤

Pk+1B)−1B
⊤

Pk+1Ā
]
xk

The optimal value 𝜆∗k, which minimizes (23), is a nonlin-
ear regression problem that can be solved using a gradient
descent algorithm.

If 𝜆 = 0, then ek = ||xk+1,t − xk+1||, which corresponds
to the error introduced by the disturbances in the entries
of the matrices. Note that if there is no disturbance, that
is Ak = Ā and Bk = B, the deviation from the target state is
due to regularization. Then

ek = ||B[(R + B⊤Pk+1B)−1 − (𝜆I + R + B⊤Pk+1B)−1]B⊤Pk+1Axk||,
which, in turn, is obviously zero when 𝜆 = 0. Note also
that in this case 𝜆∗k = 0 is the optimal value of 𝜆 which
zeros the derivative of the error. The optimal value of 𝜆 is a
tradeoff between the error produced by noise and the devi-
ation from the target state produced by the addition of the
penalty term, thus minimizing (23).

Of course, since Ak and Bk are not previously known,
it is not possible to calculate this optimal value in practice.
Other methods of choosing the regularization parameter,
as those mentioned in Section 2.1, should be used.

The application of the optimal control signal (17) (cal-
culated for the nominal system) to the real system is, of
course, suboptimal and will result in increased cost. If
the regularized control signal (21) is applied instead, the
cost function can be reduced by an adequate choice of the
regularization parameter.

According to Bellman’s dynamic programming princi-
ple, the optimal cost function to go from the iteration k, k ∈
{0, … ,N − 1}, to the final iteration N can be expressed as

J∗k
(
xk, {u}N−1

k

)
= 1

2
x⊤

k+1Pk+1xk+1

+ 1
2

x⊤

k Qxk +
1
2

u⊤

k Ruk (24)

The application of the regularized control (21) to the
actual system produces a cost-to-go function

Jk,𝜆 =
1
2
(Akxk + Bkuk,𝜆)⊤Pk+1(Akxk + Bkuk,𝜆)

+ 1
2

x⊤

k Qxk +
1
2

u⊤

k,𝜆Ruk,𝜆

= 1
2

x⊤

k
[
A⊤

k Pk+1Ak + Q

− 2A⊤

k Pk+1Bk(𝜆I + R + B
⊤

Pk+1B)−1B
⊤

Pk+1Ā

+ Ā⊤Pk+1B(𝜆I + R + B
⊤

Pk+1B)−1(R + B⊤

k Pk+1Bk)

× (𝜆I + R + B
⊤

Pk+1B)−1B
⊤

Pk+1Ā
]
xk (25)

This is a quadratic convex function with a minimum
given by the value of 𝜆, which zeroes its derivative, that is,

𝜕Jk,𝜆

𝜕𝜆
= x⊤

k Ā⊤Pk+1B(𝜆I + R + B
⊤

Pk+1B)−2

×
[

B⊤

k Pk+1Ak − (R + B⊤

k Pk+1Bk)

×(𝜆I + R + B
⊤

Pk+1B)−1B
⊤

Pk+1Ā
]
xk

The optimal value 𝜆∗k = arg min Jk,𝜆, which minimizes
(25), can be calculated via nonlinear regression using a
gradient descent algorithm. Note that the value 𝜆 = 0
yields the cost-to-go function which would be obtained if
the unregularized control signal (17) were applied to the
actual system. Note also that if there is no disturbance,
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that is, Ak = Ā and Bk = B for all k, increase of the cost
function, with respect to the nominal case, is due to the
regularization term in the objective function. In this case,
the optimal value of 𝜆∗k = 0 because it minimizes (25),
zeroing its derivative.

The results above are summarized in the following
lemma.

Lemma 3.1. Consider a discrete-time linear
system (9) subject to uncertainties in the matri-
ces Ak and Bk. If at an iteration k an optimal
control signal calculated from the minimiza-
tion of a scalar cost function is applied, at the
next iteration the system produces a state vector
different from the desired target state (19), mod-
ifying also the optimal cost-to-go function (24).
The error is quantified as ek(0) in (23). If a con-
trol signal uk,𝜆 calculated as in (21) is applied at
each iteration, with a value of the regularization
parameter 𝜆 between 0 and 𝜆∗k (the minimizer
of ek(𝜆) or the minimizer of Jk,𝜆, the scalar error
and the cost-to-go function are reduced, reach-
ing their minimum at their respective values
𝜆∗k. □

3.1 Illustrative example of convexity
of the error and cost-to-go functions

Figure 1 shows the error function ek(𝜆) vs. 𝜆 with the sys-
tem that will be exemplified in the following section. This
error is produced at the first iteration by an inaccurate
sampling interval h0 = h + Δh0 = 1 + 0.47 s. The optimal
value of the regularization parameter is 𝜆∗k = 0.2126, and
the error of the unregularized state vector is ek(0) = 0.49.

Figure 2 shows the cost to-go function with the sys-
tem that will be used in the following section at the first

F I G U R E 1 Error function vs. regularization parameter.

iteration, where the disturbance is produced by an uncer-
tainty in the sampling rate equal to Δhk = −0.2 s.

4 COMPUTATIONAL
EXPERIMENTS

In this section, we present the results of the application of
the control signal (21) to a DTLS.

We exemplify our theoretical results via a simulation
case study. We consider the system used in [21]. This is
a dynamic model of a paper machine head box. Let the
dynamical CTLS be given by:

ẋ(t) = Ax(t) + Bu(t)

=
⎡⎢⎢⎢⎣
− 0.2 0.1 1
− 0.05 0 0

0 0 −1

⎤⎥⎥⎥⎦
x(t) +

⎡⎢⎢⎢⎣
0 1
0 0.7
1 0

⎤⎥⎥⎥⎦
u(t)

(26)

The system described in (26) exhibits stability, with eigen-
values 𝜎 ∈ {−0.1707,−0.0293,−1}. This system is sam-
pled by a ZOH circuit at a varying rate with a Gaus-
sian distribution, characterized by a mean of h = 1 sec-
ond and a standard deviation of 0.4 seconds. The result-
ing DTLS, sampled at the nominal rate h, remains
stable, with the matrix Ā possessing eigenvalues 𝜎 ∈
{0.8431, 0.9711, 0.3679}. The nominal DTLS is

xk+1 = Āxk + Buk

=
⎡⎢⎢⎢⎣

0.8165 0.0906 0.5630
− 0.0453 0.9977 −0.0171

0 0 0.3679

⎤⎥⎥⎥⎦
xk

+
⎡⎢⎢⎢⎣

0.3426 0.9384
− 0.0063 0.6760
0.6321 0

⎤⎥⎥⎥⎦
uk

(27)

F I G U R E 2 Cost-to-go function vs. regularization parameter.
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Simulations were carried out over a duration of 10
seconds, so the number of iterations N = 10. The sam-
pling intervals are: hk ∈ {1.4696s, 1.0508s, 0.7373s,
0.4074s, 1.0622s, 1.3274s, 0.8830s, 0.7837s, 0.8765s,
0.5614s, }.

The initial state was chosen as x0 = [2 − 3 − 1]⊤.
We consider the cost function (11) with matrices H =

Q = I and R =
[

0.7 0
0 0.5

]
. With these values, the optimal

cost function J∗ = 17.3356.
The matrices Pk, k ∈ {0, … , 10}, were calculated as in

(14) from P10 = H. The regularization parameter was cho-
sen as a constant 𝜆 = 0.034. The regularized control signals
were calculated as in (21), whereas the unregularized con-
trol signals were calculated as in (17). Both of them use the
nominal matrices shown in (27). The matrix inversion in
(17) and (21) are calculated using QR factorization.

Figure 3 shows the components of the regularized con-
trol signal vs. time, where the different sampling intervals
at which the control signal is applied at each iteration can
be seen.

Figure 4 shows the components of the target state
vector, the components of the state vector resulting from
the application of the unregularized control signal (17)
to the CTLS, and the state vector produced by the appli-
cation of the regularized control signal (21) to the CTLS
vs. time.

We define the average error accumulated over all
iterations as:

𝜖(𝜆) ∶=
∑N−1

k=0 𝜖k(𝜆)
N

=
∑N−1

k=0 ||xk+1,𝜆 − xk+1,t||
N

(28)

Figure 5 shows the relationship between the average
error (28) and the regularization parameter 𝜆 (assuming
the use of a constant 𝜆 for all iterations). The curve reaches
its minimum value at𝜆∗ = 0.034. As discussed in Section 3,

F I G U R E 3 Regularized control signal vs. time.

F I G U R E 4 Time plot of state vector components. The solid
lines are the components of the discrete target state. The dotted
lines represent the components of the continuous-time plant when
the unregularized control signal is applied. The dashed lines
represent the state components of the continuous-time plant when
the regularized control signal is applied.

F I G U R E 5 Mean error given by Equation (28) vs. the
regularization parameter 𝜆.

when 𝜆 = 0, the control input uk,𝜆 equals uk, and the state
vector xk+1,𝜆 equals xk+1. Consequently, the error 𝜖k(0) cal-
culated as in (23), as well as the mean error 𝜖(0), match
those of the unregularized state vector. Indeed, the regu-
larized cost-to-go function Jk,0 calculated as in (25) also
equals the value of the unregularized cost-to-go function
(24) at each iteration.

4.1 Choice of the regularization
parameter

This section discusses the important question of the choice
of the regularization parameter. As discussed in Section 3,
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utilizing the value of 𝜆k which minimizes (23) or (25) at
each iteration is not feasible in practical scenarios due to
the unknown values of Ak and Bk. Various methods men-
tioned in Section 2.1 were explored (detailed descriptions
of these methods can be found in [13, 15, 18], respectively).
Specifically, the minimum of the GCV function was deter-
mined using the gcv function, the corner of the L curve was
identified using the l_curve function, and the value of 𝜆 sat-
isfying the discrepancy principle was found using the dis-
crep function. These functions are all part of Hansen’s reg-
ularization toolbox for MATLAB [14]. Since the right-hand
side of the equation (𝜆I + R + B

⊤
Pk+1B)uk,𝜆 = −B

⊤
Pk+1Āxk

varies at each iteration, these functions calculate a differ-
ent value of 𝜆 at each iteration, as opposed to a constant
value as that used in the test shown in Figure 5.

This leads to the development of an adaptive gain
controller that outperforms a static state feedback con-
troller (see details in [21]). Table 1 presents the mean
error and the cost function for different constant values
of 𝜆, as well as the mean error when this parameter is
determined by the three aforementioned functions. The
theoretically calculated parameters 𝜆∗k1

computed as the
minimizer of (23) and 𝜆∗k2

computed as the minimizer
of (25) at each iteration were also tested. These optimal
values were found at each iteration using the function
fminsearch of MATLAB. It is worth noting that, while
the unregularized state vector remains independent of 𝜆,
the target state vector depends on it. This dependency
arises because the target state vector is computed using
the regularized state from the previous iteration, resulting
in the mean error of the unregularized system also being
influenced by 𝜆.

In this experiment, the functions l_curve and gcv do
not find the corner of the L curve and the minimum of
the cross-validation function, respectively. The function
discrep found a value of 𝜆 that satisfactorily regularized
the control signal, producing an error value not much
greater than its minimum value (achieved with the theo-
retical optimal regularization parameter) and a cost func-
tion slightly greater than its minimum value. The discrep
function requires a reliable estimate of the magnitude of

the error [14, 18]. Note also that the minimum regularized
mean error is produced when a value 𝜆∗k1

is used at each
iteration, as well as the minimum regularized cost function
is produced when 𝜆∗k2

is used, as expected.
We repeated the experiment using a constant matrix

P solution of the discrete algebraic Riccati Equation (16),
but the results are omitted here because they were not
significantly different from those reported in the first
experiment.

5 DISCUSSION AND FUTURE
WORKS

In inverse problems, it is well known that the minimiza-
tion of a 𝓁2 norm of an error function leads to a smooth
dense least squares solution very sensitive to outliers
[5, c. 3]. In underdetermined discrete constrained opti-
mization problems of the form

min ||x||p, s.t.||Ax − b||2 = 0

the choice of p = 1, which is a nondifferentiable 𝓁1 convex
minimization problem, leads to a sparse solution poten-
tially more robust to outliers and corrupt data. A related
convex optimization problem is given by:

x∗ = arg minx||Ax − b||2 + 𝜆||x||1 (29)

where 𝜆 ∈ R+ is the regularization parameter that weights
the importance of sparsity.

The problem (29) is known as the least absolute shrink-
age and selection operator (LASSO), first introduced in
[23]. This is a 𝓁1 penalized regression technique that bal-
ances model complexity with descriptive capability and
performs well even for overdetermined problems. LASSO
may be thought of as a sparsity-promoting regression that
benefits from the stability of the 𝓁2 regularized ridge
regression (see [5, c. 3–4] and references therein).

In optimal control problems, regularization of the stan-
dard quadratic performance index with an 𝓁1 penalty term
promotes sparsity on the solution. In problems of medium

T A B L E 1 Mean error of the regularized state vector ēr =
∑N−1

k=0 ||xk+1,𝜆 − xk+1,t||∕N, mean error of the unregularized state vector
ēu =

∑N−1
k=0 ||xk+1 − xk+1,t||∕N, regularized cost function Jr and unregularized cost function Ju for different values of the parameter 𝜆 using a

matrix Pk calculated as in (14). 𝜆∗k1
= arg min ek(𝜆), 𝜆∗k2

= arg min Jk,𝜆.

𝝀 0 0.01 0.034 0.06 0.1 𝝀
∗
k1

𝝀
∗
k2

l_curve gcv discrep

ēr 0.0977 0.0972 0.0967 0.0972 0.0996 0.0938 0.1084 0.4992 0.9302 0.1191

ēu 0.0977 0.0979 0.0985 0.0992 0.1002 0.1011 0.0968 0.1636 0.2376 0.1218

Jr 14.8908 14.9003 14.9253 14.9550 15.0062 15.1293 14.8159 19.7463 27.3600 15.5611

Ju 14.8908 14.9310 15.0276 15.1320 15.2923 15.4875 14.9059 21.7743 28.3773 16.3964
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to large dimensions, it may be interesting to obtain sparse
control signals, when some of their components may not
be applied in all iterations. In [17], a sparse feedback gain
of an optimal controller for CTLS is designed.

With a quadratic cost functional, the implementation
of the LASSO method to promote sparsity of the solution
can be expressed as

min J({xk}, {uk})

= 1
2
x⊤

N HxN +
N−1∑
k=0

1
2

[
x⊤

k Qxk + u⊤

k Ruk
]
+ 𝜆||uk||1

s.t xk+1 = Akxk + Bkuk, k = 0, … ,N − 1

(30)

The minimization of the cost functional (30) has been
implemented with the dynamical system described in
Section 4. The matrices Ak and Bk, k = 0, … ,N − 1 were
the same as those used in the former experiment, as well as
the weighting matrices used in the cost function, the con-
trol horizon, and the initial state. Figure 6 shows the mean
error over 10 iterations vs. the regularization parameter 𝜆.

Figure 6 shows a convex function, where an optimal
regularization parameter minimizes the mean error over
all the iterations. In this case, this optimal regularization
parameter was graphically determined as 𝜆∗ = 0.2843. Of
course, this result is also theoretical because the noisy
matrices are not previously known.

Figure 7 shows the cost function (11) vs. the reg-
ularization parameter. The control signal applied to
the actual system is the one that minimizes (30). The
optimal parameter was also graphically determined as
𝜆∗ = 0.3265.

The resulting control vector u∗, minimum argument of
(30), exhibits certain sparsity whatever the value of 𝜆 used.

F I G U R E 6 Mean error given by Equation (28) vs. the
regularization parameter 𝜆 where the regularized control signal is
the minimizer of (30).

F I G U R E 7 Cost function given by Equation (11) vs. the
regularization parameter 𝜆 where the regularized control signal is
the minimizer of (30).

The application of this control signal to the DTLS (9) yields
an open-loop control system.

To design a closed-loop feedback controller, a recur-
sive form of the LASSO method should be used, in such
a way that at each iteration, the optimum control sig-
nal u∗

k that minimizes a cost-to-go function would be
calculated. A recursive LASSO algorithm is proposed
in [6]. In [25], a continuous-time tracking control reg-
ularized in order to promote sparsity of the solution
is proposed.

In future work, we propose to research the possibility of
implementing a feedback controller that produces a sparse
control signal calculated at each iteration.

6 CONCLUSIONS

The regularized optimal feedback control (21) has shown
the ability to reduce a scalar error function as well as the
cost function when applied to a DTLS subject to model
uncertainties along N iterations. Table 1 clearly shows the
reduction of the mean error and of the cost function when
the regularized control signal is applied with respect to the
application of the classical LQR.

The reduction of the error strongly depends on the
choice of the scalar regularization parameter. Among the
standard parameter choice methods, the search for the
corner of the L curve and the minimization of the GCV
function did not present good results in the experiment
reported here. The application of Morozov’s discrepancy
principle seems to be the best option for choosing the
regularization parameter. Using the discrepancy princi-
ple requires that a reliable bound of the error norm
be available. If such a bound is not available, then the
choice of a good enough regularization parameter is still
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an open issue, and more research should be devoted
to this end.
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